Abstract-Trading rules based on feedback laws have recently attracted significant attention in the control community. One of the main results in this area states that the gain obtained by socalled simultaneously long short strategies has positive expectation for price processes governed by geometric Brownian motion. This technical note shows that this result extends to Merton's jump diffusion model. Particularly, we show that the expected total profit is invariant to the jumps and so still positive.
I. INTRODUCTION AND LITERATURE REVIEW
This technical note analyzes a control-based trading method when Merton's jump diffusion process [1] , a discontinuous stochastic process, determines the stock price. We assume that the trader follows a simultaneously long short (SLS) trading strategy, a particular feedback strategy, which was introduced inter alia in [2] and [3] . This strategy is model-free as it is constructed independently of the price model. The idea of model-free strategies is that a trader does neither need to assume a market model nor estimate parameters like the sign of the trend. A model-free strategy is constructed without any assumptions on the market model and shall be robust against disturbing influences and unknown parameters. Note that we will use Merton's jump diffusion model in this technical note for analyzing the performance of the SLS strategy-not for constructing it.
In general, a feedback trader f treats financial markets like machines. Instead of controlling the output of the machines by using certain input variables, the output determines the investment I f (t) on the market which generates the gain g f (t). The investment thus plays the role of the input which is calculated as a function of the output, i.e., I f (t) = h(g f (t)) for some function h. The price process p > 0 can be seen as a disturbance variable and is used indirectly for determining I f (t) through g f (t) = t 0 I f (τ ) · dp τ p τ .
This makes clear that feedback traders are (very simple) chartists, i.e., traders which determine their investment only on the observed prices, in contrast to fundamentalists who consider the fundamental value of the stock when calculating their investment. One basic feedback trading strategy is the linear feedback long trader L with investment rule I L (t) := I 0 + Kg L (t), where I 0 > 0 is the initial investment and K > 0 the feedback parameter. When following this strategy, the trader starts with the initial investment I 0 and then adds K-times the trader's own gain (the gain of this strategy, the socalled long side) to the initial investment. Note that g L (0) = 0 and that t is in continuous time. If the price process is continuous, this trader is a long trader, i.e., the investment fulfills I(t) ≥ 0 for all t ≥ 0, and a trend follower, too. Note that an investment I(t) is called "long" if I(t) > 0 and "short" if I(t) < 0. Analogously, one can construct a linear feedback short trader S with investment strategy I S (t) := −I 0 − Kg S (t), with g S (t) being the short side's gain. These two strategies are analyzed in literature, for example in [2] and [3] , for two reasons. On the one hand, the investment formulae are easy to handle, on the other hand, one can construct more complex strategies using these two linear strategies. The simultaneously long short trading rule I(t) := I L (t) + I S (t), schematically pictured in Fig. 1 , is an example for the combination of the linear feedback long and short trader, 1 see [4] and [5] . Here, the same K and I 0 are used for the long and the short side. This strategy was analyzed in idealized markets under different assumptions on the prices: for continuously differentiable prices [6] , [7] , for the geometric Brownian motion (GBM) [2] , [8] , [9] , or for the Cox Ross Rubinstein (CRR) model [10] . The GBM b is given through the stochastic differential equation
, where b(0) := b 0 is the initial price, μ the so-called trend, σ the volatility, and W (t) a Wiener process. In this technical note, we also consider the SLS rule because there are some notable results in related work. In [6] , it is shown that the trading gain of the SLS trader is positive if prices are continuously differentiable and in [2] it is proven, that the expected gain is positive for prices following a GBM with nonzero drifts, i.e., it was shown that
Note that a positive expected gain could also be achieved through a positive constant investment 
The problem with this strategy is that μ is unknown to the trader. Furthermore, an SLS strategy yields positive expected gain even for zero initial investment (I(0) = I L (0) + I S (0) = I 0 − I 0 = 0) while a trader with constant investment needs an initial investment unequal to zero since simultaneously investing long and short with a constant investment would always lead to a gain of zero. Also for real market data, SLS type rules perform very well, see [11] and [12] . In these papers, idealized markets are used as so-called proving grounds. This means that in a first step a strategy has to perform well on a modeled market and then, in a second step, it will be tested on real market data. In [13] , it is explained how to simulate feedback trading. 2 This shows that especially during the last decade, feedback-based trading strategies have been in the focus of both academic and practice oriented research.
However, neither continuously differentiable prices nor the GBM allow for price jumps. On the other hand it could be shown in the context of option pricing that jumps have a high influence on hedging, namely, that markets become incomplete (see [1] , [18] , and [19] ). Hence, the question arises: What happens if there are jumps in the model? In the following, we use Merton's jump diffusion model (see Fig. 2 ) to examine the influence of jumps. We deduce formulae for the gain/loss and examine the expected gain and the standard deviation of the gain analytically, analogous to [3] . The relative price change in Merton's model is given through dp(t)
where W (t) is a Wiener process, N (t) is a Poisson-driven process with jump intensity λ > 0 and jumps 
where parameter μ > −1 denotes the jumpless trend, i.e., the trend of the GBM. That means, if there were no jumps the trendμ is exactly the jumpless trend μ of the GBM. But if the jumps are positive in the mean (E[dN (t)] = λκ) the trend has to be adjusted downwards (−λκ) and vice versa. Furthermore, we set p(0) :
In the following, b denotes the GBM while p always denotes Merton's jump diffusion model. It can be shown (using Itô's lemma and its generalization for Poisson-driven processes, see [1] , [20] - [22] ) that the solution
and N all are independently distributed. Merton's jump diffusion model is a stochastic process with a countably infinite number of jumps for t → ∞. The time between two jumps is independently and identically exponentially distributed with parameter λ > 0. The number of jumps which occurred up to at time t is Poisson distributed with parameter λt. Between every two jumps the process follows a GBM with "jump-adjusted" trendμ.
The remainder of this technical note is organized as follows. First, a gain/loss function of the SLS-trading rule is obtained for stock returns following Merton's jump diffusion process. In addition, formulae for the expected gain and for the standard deviation of the gain are stated. It is then shown that the expected gain is independent of intensity and kind and size of the jumps. That means, the expected gain when the price is determined by Merton's jump diffusion model is exactly the same as if it was governed by a GBM. Hence, the expected gain is still positive. To conclude the technical note, simulations to illustrate all results are performed. For an illustration of SLS-trading on Merton's jump diffusion model see Fig. 3 .
II. MARKET REQUIREMENTS
Before starting our analytical work, we introduce some market requirements: We assume a Fixed Trend, i.e., for all prices (p(t)) t it holds
where μ > −1 is the (fixed) trend. That means, a risk neutral trader is indifferent between all possible stocks and in the case a risk-free bond was available μ had to be the risk-free interest rate. Note that the trend is unknown to the traders. We allow for Continuous Trading, i.e., at every point of time t > 0 the trader knows the own gain, the price, and is able to buy and sell stocks to adjust the investment. Although in real markets traders actually cannot trade continuously, in times of high-frequency-trading this assumption can be considered approximately satisfied. Indeed, there is another approach to the (SLS) jump topic: in a discrete time model every price movement is a jump. But since there is a well-known theory on SDEs and most of the related work uses continuous trading, we use a widely accepted jump model in continuous time. Furthermore, the statistical characteristics of a discretised GBM differ strongly form those of a discretised Merton's jump diffusion model. Further, we assume that there are no trading costs on the market (Costless Trading), which is approximately true for big trading companies. We also assume that the trader has Adequate Resources, i.e., the trader always has enough money for trading. Again, this is plausible for big trading companies if the investment is not too high, however, the maximum amount of the investment and the needed size of the trading company depend on the particular case and cannot be specified in general. We furthermore see the trader as a so-called Price-Taker, that means, the trader's actions do not have any influence on the market, especially they do not affect the stock price. This is approximately true if, again, the investment is not too high. In [23] it is discussed what happens if this assumption is relaxed. We moreover assume Perfect Liquidity, which means that there is no gap between bid price and ask price and that the trader can arbitrarily buy and sell stocks. The main assumption that is new in the work at hand and does not appear in related work, is that we consider a Stock Price Governed by Merton's Jump Diffusion Process.
III. GAIN/LOSS
Now we derive a formula for the gain g(t) of an SLS trader in Merton's jump diffusion model. Therefore, we set
and c := exp
Lemma 1: For the SLS trading strategy and a stock price following (2), it holds that
with g L (t) and g S (t) given by (1) . At first, the long side's gain is considered. The change of the gain is described by the SDE
.
We remark thatÑ (t) is again a Poisson-driven process with jump intensity λ > 0 but with jumps (
It thus follows (see [1] , [20] - [22] ) 
Now let us consider
Together, the proof of Lemma 1 is finished. This is a first theoretical result. The formula tells us that the gain does not depend on the diffusion part (the GBM part) of the price process. In (5), only b(t) at time t and the jumps (Y i ) i = 1,...,N up to time t are of importance. Moreover, only a finite number of random variables is present in (5) 
since (b(t)) t is not used but just b(t). Next, we analyze what we can expect for the gain at arbitrary time t.

IV. EXPECTED GAIN
In this section, we focus on a result concerning the expected gain. We obtain Theorem 2: The expected gain of the SLS trading strategy with a stock price following (2) is
In particular, for all t > 0 and μ = 0 the expected gain of the SLS trading strategy is positive, i.e.,
for all λ > 0, (Y i ) i ∈N > 0.
Proof: In order to calculate the expected gain E[g(t)] we consider equation (5) from Lemma 1. Remembering that b(t), N, and
, and that for Z being a random variable with ln
Z holds, we can transform
We assume that Y i is defined on
next step makes use of the theorem of Fubini-Tonelli. Since
we can apply Fubini-Tonelli for calculating the expected values because it holds
and analogously
It follows that
To show that the expected gain (6) is positive if μ = 0 and t > 0, we note e x + e −x − 2 > 0 for all R x = 0 which implies (7). Equation (6) and inequality (7) in Theorem 2 do not depend on the jumps' specifications, i.e., they neither depend on the jumps' intensity λ nor on the jumps' distribution Y i (E[Y i −1] < ∞). We emphasize that the results of Theorem 2 do not imply an arbitrage possibility in the classical sense since an arbitrage strategy is a strategy π with π 0 ≤ 0 and π(t) ≥ 0 and P(π(t) > 0) > 0. However, it holds that the initial investment is zero (
0)) = 0) and that the discounted net gain is positive in expectation (e
we use e −μ t for discounting). That is, we obtain the same "remarkable property" [9] as derived for the GBM. Note that g(t) is the total profit while dg(t) is the periodical profit, i.e., g(t) = t 0 dg(t). The probability that exactly k jumps oc-
] does not depend on the jump statistics. This can be explained as follows: in (8) all jump parameters disappear since in (3) the term "−λκ" was added for fixing the trend which is defined in (4) through the expectation operator and the expected value of prices is only allowed to depend on the trend. Thus, it is plausible that this trend adjustment also makes the expected trading gain independent of the jumps.
Before analyzing the variance, we give an intuitive (heuristic) explanation why the proven result works: the SLS strategy starts with both investing equally long and short. When prices rise, the long side will make money and the short side will loose it, when prices fall, it will be the other way round. But due to compound interests, returns on investment of, e.g., three times 10%, will generate a higher gain on the long side than the loss on the short side will be. And for returns of investment of, e.g., three times − 10%, the short side's gain will surpass the long side's loss-also due to compound interests. Assume for this illustrating example a discrete time grid t ∈ {0, 1, 2, 3} and I 0 = 10,
Case 1-rising prices: return on investment = +0.1 for t = 1, 2, 3. 
V. VARIANCE
After having studied the expected value we now look at the variance of the SLS trader's gain V [g(t)] or, equivalently, at the standard deviation S[g(t)].
Theorem 3: The standard deviation of the gain of the SLS trading strategy with a stock price governed by (2) is
if the second moment of the jumps' distribution exists. Here we abbre-
Analogous to the calculation of the expected values in Section IV, it can be shown that
This allows for using Fubini-Tonelli since (1 + 4K + 4K
2 ) + (2K +  4K 2 )(
2 . According to this alternative representation, we first calculate the second moment of the gain (given through (5)) With this and (6) it follows
which implies the claimed formula for S[g(t)].
Note that for using Fubini-Tonelli not only the first but also the second moment of Y i must exist. One interesting observation is that the variance of g(t) depends on the jump intensity and the second moment of the jumps, but not on their first moment, i.e., on the expected height of the jumps. We see that the variance is strictly increasing in λ and in ζ, i.e., if the jumps' intensity or the jumps' variance grows then the gain's variance will grow, too. It seems plausible that the more jumps occur, the more volatile the gain will be, as well as the higher the variance in the jumps height is, the higher the volatility in the gain becomes.
We end this section with a discussion of the variance of the gain for the jumpless case (i.e., geometric Brownian motion). There are two possibilities to obtain the jumpless geometric Brownian motion from Merton's jump diffusion model. First, we can set λ = 0, i.e., the probability that a jump occurs is zero or, second, we can define Y i ∼ δ 1 where δ d is the Dirac distribution (degenerate distribution) with parameter d, i.e., jumps do not affect the price process. In the second case it follows that ζ = 0. Since in equation (9), λ and ζ only occur as product λζ, we can set λζ = 0 in equation (9) to derive the variance formula for the jumpless case.
VI. SIMULATIONS
In Figs. 4 and 5 the dependency of the expected gain and of the standard deviation on the feedback parameter K and on the jumpless trend μ is illustrated. In the graphs, one of the parameters K and μ was varied while all other parameters were kept fixed. We can see that E[g(t)] is increasing in K and in |μ|. The standard deviation is increasing more strongly in K and |μ|. From these findings we can conclude two facts. First, if a trader is searching for an optimal K there are two opposed arguments for choosing K. A large K leads to higher expected gains but also to a higher variance of the gain and so to higher risk. We conclude that the more risk-averse a trader is, the smaller is the chosen K and vice versa (see Fig. 4 ). Second, we see that it does not matter whether −1 < μ < 0 or μ > 0, i.e., it does not matter if the trend is positive or negative. Hence, a trader does not need to estimate the trend since in all cases the SLS strategy leads to a positive expected trend (see Fig. 5 ). Furthermore, we notice that the standard deviation is increasing in λ and σ (see (9) ). It is clear that the expectation does not depend on the "jump parameters" λ, μ Y i , and σ Y i , but the standard deviation does.
Note that for creating the graphs so far no stochastic process was simulated and no random number was generated. Thus, let us finally have a look at the histograms obtained from simulating the gains for 1000 realizations of the underlying stochastic price process, shown in Fig. 6 . These two histograms show two interesting facts. On the one hand, one can see that the trading results obtained by simulated "real" trading on stochastic processes with discrete time (left figure) and the results calculated via the formula (with continuous time; right figure) do not differ very much. A slight difference is caused by the fact that the simulation is performed using a discretization in time (τ = 0.001) while the formula assumes continuous trading. On the other hand, the histograms show that the gains are highly skewed (which is in line with [24] and [25] ), especially, the gains have a so-called fat tail to the positive side. That is, a negative gain with a small loss is more likely than a positive gain but a high gain is more likely than a high loss. All in all, this leads to a positive mean. Note that p, N , and Y i were the same for both graphs. For all simulations the jumps are lognormally distributed, like it is recommended in [1] and used in [26] , with ln Y i ∼ N (μ Y i , σ 2 
Y i
).
VII. CONCLUSION
We investigated whether the results concerning SLS trading obtained in related work (for example [2] ) also hold if jumps may occur in the market/price model. To this end, we analyzed SLS-trading on Merton's jump diffusion model: we could deduce formulae for the gain/loss function g(t), for the expected gain/loss E[g(t)] with the result I(0) = 0 and E[g(t)] > 0 for all t > 0, μ = 0, and for the standard deviation of the gain/loss function. Clearly, the expected discounted net gain satisfies e −μ t E[g(t)] > 0 (and I(0) = 0). The two findings concerning the expected gain are independent of intensity, kind (that means, of the distribution of Y i ), and size of the jumps. Hence, the expected gain is robust against jumps.
